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1 Motivation

2 Effective Field Theory for QCD-like Theories
Quark level Theories
Effective Theories

3 The Calculations
1. mass, decay constant and quark condensates
2. General Meson-Meson Scattering
3. Two Point Functions and S-parameter
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Motivation

Motivation

Our motivations for studying Effective Field Theory of QCD-like Theory:

Systematically develop a theoretical framework for studying the low energy theory of
the strong dynamic in TeV scale;

Provide the high order analytic results for Chiral extrapolation in Lattice computing;
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Figure: Plots from T. Appelquist et al., arXiv:0910.2224.

Help to understand the mechanism of diquark condensate in finite baryon density.
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Effective Field Theory for QCD-like Theories Quark level Theories

Quarks live in the complex representation.

The nf flavor QCD Lagrangian with external source terms

L = q̄LiγµDµqL + q̄RiγµDµqR

+q̄Lγ
µlµqL + q̄Rγ

µrµqR − q̄LM†qR − q̄RMqL

Dµ = ∂µq − iGµq, i, j = 1, 2, ..., nf

M = diag(m̂, ..., m̂)

If m̂ = 0, the flavor symmetry is SU(nf)L × SU(nf)R.

The vacuum condensate ⟨q̄q⟩ = ⟨q̄LqR + q̄RqL⟩ ̸= 0, which spontaneously breaks the
SU(nf)L × SU(nf)R down to SU(nf)V.

The small quark mass m̂ ̸= 0 explicitly break the flavor symmetry
SU(nf)L × SU(nf)R → SU(nf)V.

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 4 / 24
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Effective Field Theory for QCD-like Theories Quark level Theories

Quarks live in real representation

The Lagrangian with external source terms
L = trc (qLiiγµDµqLi) + trc (qRiiγµDµqRi)

+trc
(
qLiγ

µlµijqLj
)
+ trc

(
qRiγ

µrµijqRj
)
− trc

(
qRiMijqLj

)
− trc

(
qLiM

†
ijqRj

)
Dµq = ∂µq − iGµq + iqGµ, i, j = 1, 2, ..., nf

The lightest baryon is diquark, with the same mass of pionic Goldstone Boson.
Transfer the left hand quark to right hand anti-quark:

q̃Ri ≡ CqT
Li C = iγ2γ0

The Lagrangian can be rewritten as

L = trc
(

q̂iγµDµq̂
)
+ trc

(
q̂γµV̂µq̂j

)
−

1

2
trc

(
q̂CM̂q̂T)−

1

2
trc

(
q̂TCM̂†q̂

)
q̂ =

(
qR
q̃R

)
, V̂µ =

(
rµ 0
0 −lTµ

)
, M̂ =

(
0 M

MT 0

)
The actual flavor symmetry is SU(2nf)!
The vacuum condensate ⟨trc (q̄q)⟩ = ⟨trc

(
q̂TCJSq̂

)
⟩ ̸= 0 spontaneously breaks the

SU(2nf) down to SO(2nf).
JS =

(
0 I
I 0

)
Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 5 / 24
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Effective Field Theory for QCD-like Theories Quark level Theories

Quarks live in pseudo-real representation.

The Lagrangian with external source terms
L = qLiiγµDµqLi + qRiiγµDµqRi

+qLiγ
µlµijqLj + qRiγ

µrµijqRj − qRiMijqLj − qLiM
†
ijqRj

Dµ = ∂µq − iGµq, i, j = 1, 2, ..., nf

The lightest baryon is diquark(boson), with the same mass of pionic Goldstone
Boson.
Transfer the left hand quark to right hand anti-quark:

q̃Rαi = ϵαβCqT
Lβi C = iγ2γ0

The Lagrangian can be rewritten as

L = q̂iγµDµq̂ + q̂γµV̂µq̂Lj −
1

2
q̂αCϵαβM̂q̂T

β −
1

2
q̂αϵαβCM̂†q̂β

q̂ =

(
qR
q̃R

)
, V̂µ =

(
rµ 0
0 −lTµ

)
, M̂ =

(
0 −M

MT 0

)
The actual flavor symmetry is SU(2nf)!
The vacuum condensate ⟨q̄q⟩ = ⟨q̂αϵαβCJAq̂β⟩ ̸= 0 spontaneously breaks the
SU(2nf) down to Sp(2nf).

JA =

(
0 −I
I 0

)
Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 6 / 24
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Effective Field Theory for QCD-like Theories Effective Theories

Broken Generator and Goldstone Bosons

Nonlinear realized Goldstone Boson in different effective theories:

Complex representation: SU(nf)× SU(nf)/SU(nf).

U = uIu, u = exp

 i√
2F0

Ng∑
a=1

πaTa

 , Ng = N2
f − 1

Nf: Number of quarks(flavour)
Ng: Number of pseudo-Goldstone Boson

Real representation: SU(2nf)/SO(2nf).

U = uJSuT, u = exp

 i√
2F0

Ng∑
a=1

πaTa

 , Ng = nf(2nf + 1)− 1

Pseudo-real representation: SU(2nf)/Sp(2nf).

U = uJAuT, u = exp

 i√
2F0

Ng∑
a=1

πaTa

 , Ng = nf(2nf − 1)− 1

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 7 / 24
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Effective Field Theory for QCD-like Theories Effective Theories

The Lagrangian

Using the general method of CCWZ, we write the three different theories in the
same form of Lagrangian, similar to Chiral Perturbation Theory.
The Leading order Lagrangian

L2 =
F2
0

4
⟨DµU†DµU + χU† + Uχ†⟩

The covariant derivative Dµ and mass parameter χ is different for three different
cases.

complex real pseudo-real
Dµ ∂µU − irµU + iUlµ ∂µU − iVµU − iU(JSVT

µJS) ∂µU − iVµU − iU(JAVT
µJA)

χ m2
0 m2

0JS m2
0JA

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 8 / 24
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Effective Field Theory for QCD-like Theories Effective Theories

Lagrangian at Next-to-Leading Order

The p4 EFT Lagrangian for three different QCD-like theories is also the same:
L4 = L0Tr

[
DµU(DνU)†DµU(DνU)†

]
+L1

{
Tr[DµU(DµU)†]

}2
+ L2Tr

[
DµU(DνU)†

]
Tr

[
DµU(DνU)†

]
+L3Tr

[
DµU(DµU)†DνU(DνU)†

]
+ L4Tr

[
DµU(DµU)†

]
Tr

(
χU† + Uχ†

)
+L5Tr

[
DµU(DµU)†(χU† + Uχ†)

]
+ L6

[
Tr

(
χU† + Uχ†

)]2
+L7

[
Tr

(
χU† − Uχ†

)]2
+ L8Tr

(
Uχ†Uχ† + χU†χU†

)
−iL9Tr

[
fRµνDµU(DνU)† + fLµν(DµU)†DνU

]
+ L10Tr

(
UfLµνU†fµνR

)
+H1Tr

(
fRµν fµν

R + fLµν fµνL

)
+ H2Tr

(
χχ†

)
.

The devergence structure of low energy coupling constants in MS scheme:

Li = (cµ)d−4

[
Γi

16π2(d − 4)
+ Lr

i (µ)

]
∼ O(10−2)

Hi = (cµ)d−4

[
Γ′

i
16π2(d − 4)

+ Hr
i (µ)

]
∼ O(10−2)

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 9 / 24
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Effective Field Theory for QCD-like Theories Effective Theories

Lagrangian at Next-to-Leading Order

The coefficients Γi for the three cases that are needed to absorb the divergences at NLO.
The last two lines correspond to the terms with H1 and H2

i Complex Real Pseudo-Real
SU(N)L × SU(nf)R/SU(nf) SU(2nf)/SO(2nf) SU(2nf)/Sp(2nf)

0 nf/48 (nf + 4)/48 (nf − 4)/48
1 1/16 1/32 1/32
2 1/8 1/16 1/16
3 nf/24 (nf − 2)/24 (nf + 2)/24
4 1/8 1/16 1/16
5 nf/8 nf/8 nf/8
6 (n2

f + 2)/(16n2
f ) (n2

f + 1)/(32n2
f ) (n2

f + 1)/(32n2
f )

7 0 0 0
8 (n2

f − 4)/(16nf) (n2
f + nf − 2)/(16nf) (n2

f − nf − 2)/(16nf)
9 nf/12 (nf + 1)/12 (nf − 1)/12
10 −nf/12 −(nf + 1)/12 −(nf − 1)/12
1’ −nf/24 −(nf + 1)/24 −(nf − 1)/24
2’ (n2

f − 4)/(8nf) (n2
f + nf − 2)/(8nf) (n2

f − nf − 2)/(8nf)

Complex (ChPT): J. Gasser and H. Leutwyler, Annals Phys. 158 (1984) 142.
Pseudo-Real (Two color): small disagreements with K. Splittorff, et al, Nucl. Phys. B 620
(2002) 290 [arXiv:hep-ph/0108040].
Real (Adjoint QCD): J. Bijnens, J. Lu, JHEP 0911 (2009) 116 [arXiv:0910.5424].
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Effective Field Theory for QCD-like Theories Effective Theories

Lagrangian at NNLO for Real and Pesudo-real case

Real and Pseudo-real

Their p6 Lagrangian should have same form of ChPT. Whether it is the minimum
form is not known yet.

The divergence structure form at p6 for ”real” and ”pseudo-real” case is the same
except the coefficients Γ

(L)
i , Γ(1)

i and Γ
(2)
i they are unknown coefficients.

The related NNLO coupling constants ki can be combined as a single unknown
parameters for each calculated quantity. The nonlocal divergence should be canceled
in the calculation.

Renormalization, the cancellation of divergence.

The one loop divergence of L2 is absorbed by the bare coefficient of L4: Li

The two loop divergence of L2 and one loop divergence of L4 are absorbed by the
bare coefficient of L6: Ki.

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 11 / 24
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The Calculations 1. mass, decay constant and quark condensates

The calculation of important physical quantities up to next-to-next-to leading order:

Mass of meson

Quark vacuum condensate

Decay constant of meson

����
����
����
����

����
����
����
����

���
���
���
���

���
���
���
���

����
����
����
����

����
����
����
����

������ ������ ������
(c)(a) (b)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

The set of diagrams contributing to the
1PI quantities.

•: p2 vertex,
×: p4 vertex,
�: p6 vertex.
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The Calculations 2. General Meson-Meson Scattering

SU(2) Case: ππ Scattering

J. Bijnens, J. Lu, JHEP 1103 (2011) 028 [arXiv:1102.0172].
The amplitude

Mππ(s, t, u) = δabδcdA(s, t, u) + δacδbdA(t, u, s) + δadδbcA(u, s, t) .

The isospin channels

T0(s, t, u) = 3A(s, t, u) + A(t, s, u) + A(u, t, s),
T1(s, t, u) = A(t, s, u)− A(u, s, t),
T2(s, t, u) = A(t, s, u) + A(u, s, t)

Mππ(s, t, u) =
∑

I=0,1,2

TI(s, t, u)PI.

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 13 / 24
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The Calculations 2. General Meson-Meson Scattering

General Formula

The general amplitude of meson-meson scattering a + b → c + d
⟨ϕc(pc)ϕd(pd)|ϕa(pa)ϕb(pb)⟩ = M(s, t, u)

M(s, t, u) = [trF(XaXbXcXd) + trF(XaXdXcXb)]B(s, t, u)
+[trF(XaXcXdXb) + trF(XaXbXdXc)]B(t, u, s)
+[trF(XaXdXbXc) + trF(XaXcXbXd)]B(u, s, t)
+δabδcdC(s, t, u) + δacδbdC(t, u, s) + δadδbcC(u, s, t)

(ϕa)
i
j(ϕa)

j
i(ϕc)

k
l (ϕd)

l
k · C (ϕa)

i
j(ϕb)

j
k(ϕc)

k
l (ϕd)

l
i · B
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The Calculations 2. General Meson-Meson Scattering

Representations and Channels

Meson is the component of adjoint representations.
The direct product of two adjoint representations can be written in term of direct
sum irreducible representations.

Examples for nf = 2, 3:
SU(2) : 3⊗ 3 = 1⊕ 3⊕ 5

SU(3) : 8⊗ 8 = 1⊕ 8⊕ 8′ ⊕ 10⊕ 10⊕ 27

For general nf flavour in Complex representation: SU(n)

Adj.⊗ Adj. = RI ⊕ RS ⊕ RA ⊕+R A
S ⊕ R S

A ⊕ R A
A ⊕ R S

S
⇒ 7 channels.
Real representation(adjoint QCD): SO(2n)

Sym.⊗Sym. = RI ⊕ RA ⊕ RS ⊕ RFS ⊕ RMA ⊕ RMS .

⇒ 6 channels

Pseudo-real representation(two color QCD): Sp(2n)

Asym.⊗Asym. = RI ⊕ RA ⊕ RS ⊕ RFA ⊕ RMA ⊕ RMS .

⇒ 6 channels.
Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 15 / 24
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The Calculations 2. General Meson-Meson Scattering

Representations and Channels: Complex case

Two ways to write down the irreducible representations: tensor method or Young
diagrams.

The scattering channels/irreducible representations(QCD):
RI : (ϕa) i

j (ϕb)
j

i

RS : (ϕa)j(ϕb)i + (ϕb)j(ϕa)i

RA : (ϕa)j(ϕb)i − (ϕb)j(ϕa)i

R A
S : (ϕa) i

j (ϕb) k
l − (i ↔ k) + (j ↔ l)− (i ↔ k, j ↔ l)

R S
A : (ϕa) i

j (ϕb) k
l + (i ↔ k)− (j ↔ l) + (i ↔ k, j ↔ l)

R A
A : (ϕa) i

j (ϕb) k
l − (i ↔ k)− (j ↔ l) + (i ↔ k, j ↔ l)

R S
S : (ϕa) i

j (ϕb) k
l + (i ↔ k) + (j ↔ l) + (i ↔ k, j ↔ l)

Young diagrams

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 16 / 24
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The Calculations 2. General Meson-Meson Scattering

Scattering amplitude

Scattering amplitude is defined as

Tr = ⟨Rr|M(s, t, u)|Rr⟩

The scattering amplitude for complex case

TI = 2

(
n − 1

n

)
[B(s, t, u) + B(t, u, s)]− 2

nB(u, s, t)

+(n2 − 1)C(s, t, u) + C(t, u, s) + C(u, s, t) ,

TS =

(
n − 4

n

)
[B(s, t, u) + B(t, u, s)]− 4

nB(u, s, t)

+C(t, u, s) + C(u, s, t) ,
TA = n[−B(s, t, u) + B(t, u, s)] + C(t, u, s)− C(u, s, t) ,

TSA = C(t, u, s)− C(u, s, t) ,
TAS = C(t, u, s)− C(u, s, t) ,
TSS = 2B(u, s, t) + C(t, u, s) + C(u, s, t) ,
TAA = −2B(u, s, t) + C(t, u, s) + C(u, s, t) .

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 17 / 24
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The Calculations 2. General Meson-Meson Scattering

Fynman Diagrams

(1) (2) (3) (4)

(5) (6) (7)

(8) (9) (10)

(11) (12) (13) (14)

(15) (16)

The full analytic result of two loop vertex diagram in the equal mass case is presented.
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The Calculations 3. Two Point Functions and S-parameter

Two-point functions

J. Bijnens, J. Lu, JHEP 1201 (2012) 082[arXiv:1111.1886].
Definition of two-point functions:

Πa
Vµν(q) ≡ i

∫
d4x eiq·x ⟨0|T(Va

µ(x)Va
ν(0))

†|0⟩

= (qµqν − q2gµν)Π
(1)
Va (q

2) + qµqνΠ
(0)
Va (q

2) ,

Πa
Aµν(q) ≡ i

∫
d4x eiq·x ⟨0|T(Aa

µ(x)Aa
ν(0))

†|0⟩

= (qµqν − q2gµν)Π
(1)
Aa (q

2) + qµqνΠ
(0)
Aa (q

2) ,

Πa
S(q) ≡ i

∫
d4x eiq·x ⟨0|T(Sa(x)Sa(0))†|0⟩ ,

Πa
P(q) ≡ i

∫
d4x eiq·x ⟨0|T(Pa(x)Pa(0))†|0⟩

Jie Lu Effective Field Theory For QCD-Like Theories in TeV scale 19 / 24
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The Calculations 3. Two Point Functions and S-parameter

Oblique correction and S-parameter

Three types of one-loop correction to LEP process e+ + e− → q + q̄: vacuum
polarization corrections, vertex corrections, and box corrections.
The vertex corrections and and box corrections are suppressed by factor of m2

f /m2
Z.

The one-loop oblique correction

The S parameter can be written as

S = −2π
[
Π′

VV(0)−Π′
AA(0)

]
= 2π

d
dq2

(
q2Π

(1)
VV − q2Π

(1)
AA

)
q2=0

.
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The Calculations 3. Two Point Functions and S-parameter

Oblique correction and S-parameter
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Summary

We have written the Effective Field Theory of three QCD-like theories (Complex,
Real, Pseudo-real) in an extremely similar way which can simplify the calculation.

We got the one loop divergence coefficients Γi for real and pseuso-real case.

We calculated the mπ, Fπ and ⟨q̄q⟩ in the SU(Nf) Chiral Perturbation Theory and
other two QCD-like Theories for equal mass case up to NNLO.

We studied the general meson-meson scattering for three QCD-like theories,
analysed the amplitude structure, calculated scattering length up to NNLO.
We calculated the V-V, A-A, P-P, S-S two-point functions up to NNLO, obtained
the formula of S-parameter in those QCD-like theories.

All the three theories maybe useful for the study of Technicolor Theory and Finite
Baryon Density, especially for people who are working in Lattice.
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Welcome to Valencia!
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