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Introduction

I Target: 3d N = 2 theories (on R2 × S1, S3)

I 3d N = 2 theories: known 3d mirror symmetry

e.g.

U(1)q,q̃,W = 0↔ {X, Y, Z},W = XY Z .

[Aharony, et.al][de Boer, Hori, Oz][Benvenuti, Pasquetti]

I 3d N = 2 theories can be generalized to intersecting

spaces [YP, Peelaers, 2017]

I Goal: intersecting mirror symmetry
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I Target: 3d N = 2 theories (on R2 × S1, S3)

I 3d N = 2 theories: known 3d mirror symmetry

e.g.

U(1)q,q̃,W = 0↔ {X, Y, Z},W = XY Z .

[Aharony, et.al][de Boer, Hori, Oz][Benvenuti, Pasquetti]

I 3d N = 2 theories can be generalized to intersecting

spaces [YP, Peelaers]

I Goal (in steps):

A. Explore 3d reduction of string S-duality

B. Use A to predict intersecting mirror symmetry
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Outline

1 Review: 3d mirror symmetry

2 Review: Type IIB S-duality

3 Reducing to 3d

4 Discussions and Outlook
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1. Review: 3d mirror symmetry
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N = 2 theories: fields, and the Lagrangian

I Two packs of fields:

I “vector multiplet” (Aµ, σ, λ, λ̃,D); gauge group G

I “chiral multiplet” (φ, φ̃, ψ, ψ̃, F, F̃ ); representation R
I Lagrangians LVM and LCM

LVM =
ik

4π
tr
[
εµνλ(Aµ∇νAλ −

2i

3
AµAνAλ)− (λ̃λ) + 2Dσ

]
.

+ ξFI tr
[
D − σ

f

]

LCM = Dµφ̃D
µφ− i(ψ̃γµDµψ) +

R
8
φ̃φ+ i(ψ̃σψ)

+ i(ψ̃λ)φ− iφ̃(λ̃ψ) + φ̃Dφ+ φ̃σ2φ+ F̃F +W .
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Parameters

I Gauge group and matter representation R
I Chern-Simons level k (k = 0 for us)

I Fayet–Iliopoulos parameter ξFI

I complex masses mi: from shifting σφi → (σ +mi)φi

I Superpotential W constrains the masses and U(1)R

charges of chirals
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Mirror symmetry

I IR duality: mirror dual theories flow to same fixed point

I For N = 4:

I R-symmetry groups SU(2)H
mirror←−−→ SU(2)C

I moduli spaces MH
mirror←−−→MC

I chiral rings χH
mirror←−−→ χC

I FI-params
mirror←−−→ masses

I Mirror dual theories: equal partition functions

(Important tool)
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2. Review: Type IIB S-duality
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IIB string theory

I Simple branes: D5 and NS5 branes

I Bound state: (p, q)-brane ∼ p D5 + q NS5

(1, 0)-brane = D5 brane

(0, 1)-brane = NS5 brane

I Lots of (p, q) branes (and some rules): (p, q)-web

D5

NS5

NS5

NS5

NS5

D5

NS5

D5

D5

D5

D5

NS5
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Webs and “Feynman diagrams”

I A Feynman diagram = a physical process (in a theory)

I A web = a theory [Aharony, Hanany, Kol][Hanany, Witten]

I a 5d N = 1 theory

I special webs = special 5d N = 1 theories

D5

NS5

NS5

NS5

NS5

D5
1

1

1

gYM
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Webs and “Feynman diagrams”

I A Feynman diagram = a physical process (in a theory)

I A web = a theory [Aharony, Hanany, Kol][Hanany, Witten]

I a 5d N = 1 theory

I special webs = special 5d N = 1 theories

NS5

D5

D5

D5

D5

NS5

2

2
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Webs and “Feynman diagrams”

I A Feynman diagram
Feynman rules−−−−−−−→ the amplitude

I A web
refined top. vertex−−−−−−−−−−→ the partition function (p. f.)

[Aganagic, et.al. ][Iqbal, Kozçaz, Vafa][Awata, Kanno]

I Topological vertex

Momentum p→ Young diagrams Y∫
dp→

∑

Y

interaction vertex→ product of Macdonald function Pλ/µ

internal lines→ “framing factors”, “Kahler params” Q
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Webs and “Feynman diagrams”

I A Feynman diagram
Feynman rules−−−−−−−→ the amplitude

I A web
refined top. vertex−−−−−−−−−−→ the partition function (p. f.)

[Awata, Kanno]

Z

[

NS5

D5

D5

D5

D5

NS5

]
=

(Q . . . ; q, t−1)(Q . . . ; q, t−1)∏
(Q . . . p1/2; q, t−1)



16/39

Webs and “Feynman diagrams”

I A web
refined top. vertex−−−−−−−−−−→ the partition function (p. f.)

[Awata, Kanno]

Z

[
NS5

D5

D5

D5

D5

NS5

]
=

(Q . . . ; q, t−1)(Q . . . ; q, t−1)∏
(Q . . . p1/2; q, t−1)

where the double q-Pochhammer symbol

(x; q, t−1) ≡
+∞∏

m,n=0

(1− xqmt−n) .
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Webs and “Feynman diagrams”

I A web
refined top. vertex−−−−−−−−−−→ the partition function

[Awata, Kanno]

Z

[

D5

NS5

NS5

NS5

NS5

D5 ]
=

∑
Y Zinst(Y ;Q)∏
(Q . . . ; q, t−1)

where in instanton partition function
∑

Y Zinst(Y ;Q)

I
∑

Y : sum over all Young diagrams

I Zinst(Y ;Q): some rational function of Q’s.
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Webs and “Feynman diagrams”

I A web
refined top. vertex−−−−−−−−−−→ the partition function

[Awata, Kanno]

Z

[

D5

NS5

NS5

NS5

NS5

D5 ]
=

∑
Y Zinst(Y ;Q)∏
(Q . . . ; q, t−1)

where in instanton partition function
∑

Y Zinst(Y ;Q)

I
∑

Y : sum over all Young diagrams

I Zinst(Y ;Q): some rational function of Q’s.
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Webs and “Feynman diagrams”

I Q’s: 5d gauge couplings gYM and masses M ’s;

Schematically,

Q ′s ∼ e2πiMe
1

g2
YM .
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S-duality

S-duality of string theory:

I NS5 ↔ D5

I (p, q)↔ (q,−p)
I non-trivial equality betweens Z’s

Z

[

D5

NS5

NS5

NS5

NS5

D5 ]
= Z

[

NS5

D5

D5

D5

D5

NS5

]
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3. S-duality to 3d Mirror duality
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Higgsing and defects

I 5d theory
Higgsing−−−−→ 5d/3d/1d coupled system

[YP, Peelaers, 2017][Nieri, YP, Zabzine, 2018]

I 3d/1d sector (5d p.o.v): supersymmetric defects

S3
(1) S3

(2)

S1

S5

S5: ω2
1 |z1|2+ω2

2 |z2|2+ω2
3 |z3|2=1

S3
(2): ω3

1 |z1|2+ +ω2
3 |z3|2=1

S3
(1): ω3

1 |z1|2+ω2
3 |z3|2=1

S1: ω2
3 |z3|2=1
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Higgsing and defects

I 5d theory
Higgsing−−−−→ 5d/3d/1d coupled system

[YP, Peelaers, 2017][Nieri, YP, Zabzine, 2018]

I 3d/1d sector (5d p.o.v): supersymmetric defects .

I 3d/1d sector itself: an intersecting gauge theory

I Two separate 3d N = 2 gauge theories T(1), T(2)

I defined on two spaces S3
(1), S

3
(2)

I S3
(1) and S3

(2) intersect : S3
(1) ∩ S3

(2) = S1

I Additional 1d theory T 1d on S1

I T (1) and T (2) interact with T 1d (capturing intersection).
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I 5d theory
Higgsing−−−−→ 5d/3d/1d coupled system

[YP, Peelaers, 2017][Nieri, YP, Zabzine, 2018]

I 3d/1d sector (5d p.o.v.): supersymmetric defects

I 3d/1d sector itself: an intersecting gauge theory

S3
(1), T (1) S3

(2), T (2)
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Higgsing and examples

I 5d theory
Higgsing−−−−→ 5d/3d/1d coupled system

I 3d/1d sector (5d p.o.v.): supersymmetric defects

I Examples [YP, Peelaers, 2017][Nieri, YP, Zabzine, 2018]

nf

nf

gauge

hypers

nf

nf

nf

Higgsing−−−−→ n(1) n(2)

nf

nf

N S

T T̃ T S3
(1)∪S3

(2)⊂S5
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Higgsing and examples

I 5d theory
Higgsing−−−−→ 5d/3d/1d coupled system

I 3d/1d sector (5d p.o.v.): supersymmetric defects

I Examples [YP, Peelaers, 2017][Nieri, YP, Zabzine, 2018]

nf

nf

nf

gauge

hypers

nf

nf

nf

nf

Higgsing−−−−→ nL nR

nf

nf

nf

N S

T T̃ T S3
(1)∪S3

(2)⊂S5
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Higgsing: the partition function

I 5d Partition function Z(M, gYM): meromorphic function

I Z(M, gYM) has poles

M →M~n ≡ . . .+
∑3

α=1 i(n
(α) + 1

2
)ωα

I Higgsing: computes (sum of) residue(s) at pole(s)

I The residue = p. f. with defects

ResM→M~nZ(M) = ZS3
(1)
∪S3

(2)

(a) Factorizing instanton partition function

summands [YP, Peelaers]: Zinst ∼ ZvortZvortZintersection

(b) |∑Y |SL(3,Z) → Jeffrey-Kirwan residue
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Higgsing the partition function

The p. f. of intersecting 3d gauge theory

ZS3
(1)
∪S3

(2) =

∫
dn

(1)

σdn
(2)

σZS3
(1)(σ(1))ZS3

(2)(σ(2))ZS1

(σ(1), σ(2)) .

I 5d gauge coupling g−2
YM

Higgsing−−−−→ FI-parameter ξFI

I 5d masses
Higgsing−−−−→ 3d massses

I 5d/3d superpotentials generated: mass relations across

theories on S3
(1), S

3
(2)
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Reducing S-duality

I Start from S-dual 5d partition functions

I Apply Higgsing on both sides

I S-duality
Higgsing−−−−→ induced 3d mirror? duality

Z

[ ]

D5

NS5

NS5

NS5

NS5

D5

=
S-duality

Z

[ ]
NS5

D5

D5

D5

D5

NS5

Higgsing Higgsing

Z

[ ]
n(1) n(2)

1

1
S3
(2)S3

(1)

S1
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Reducing S-duality

I Goal: identify the induced 3d duality.

I First fix n(2) = 0.

I When n(1) = 1, is precisely [Nieri, YP, Zabzine]

1

1

1

↔ 1

1

1

U(1)q,q̃,W = 0 ↔ {x, y, z},W = xyz .

I Recovered well-known 3d mirror pair on S3
(1)
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Reducing S-duality (n(2) = 0)

I n(1) = n > 1 [Nieri, YP, Zabzine]

I LHS: U(n)q,q̃,Φ,W = 0 on S3
(1)

I RHS: Collection of free chirals on S3
(1)

I U(n) theory (LHS) has topological U(1) global

symmetry:

The free theory (RHS) has corresponding U(1) flavor

symmetry.

I gauge it (on both sides) (integrate over ξFI)

I LHS: U(n)→ SU(n)

I RHS: free chirals → U(1) gauge theory
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Reducing S-duality (n(2) = 0)

I n(1) = n > 1 [Nieri, YP, Zabzine]

I LHS: U(n)q,q̃,Φ,W = 0 on S3
(1)

I RHS: Collection of free chirals on S3
(1)

I After gauging (and rearrangement of neutral chirals)

n

1

1

q

q̃

Φadj

neutral β2,...,n
neutral γ0,...,n−2

↔ 1 n
X0,...n−1

Y0,...n−1

Z

W=
∑n
µ=2 βµΦµ+

∑n−2
µ=0 γµq̃Φ

µq W=
∑n−1
µ=0 XµYµZ
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Reducing S-duality (n(2) = 0)

I n(1) = n > 1 [Nieri, YP, Zabzine]

I LHS: U(n)q,q̃,Φ,W = 0 on S3
(1)

I RHS: Collection of free chirals on S3
(1)

I After gauging

I known mirror pair

I Important in studying UV Lagrangian description

and SUSY enhancement of Argyres-Douglas theories

[Benvenuti, Giacomelli]
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Reducing S-duality (n(2) > 0)

I Conjecture [Nieri, YP, Zabzine]: when n(1), n(2) ≥ 1, S-duality

reduces to mirror symmetry between a set of intersecting

gauge theories on S3
(1) and S3

(2).

e.g.

1 1

1

1
S3
(2)S3

(1)

S1 ↔ (XY Z)(1)· · · · ·(XY Z)(2)
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I Conjecture [Nieri, YP, Zabzine]: when n(1), n(2) ≥ 1, S-duality

reduces to mirror symmetry between a set of intersecting

gauge theories on S3
(1) and S3

(2).

e.g.

n(1) n(2)

1

1

neutral β(1)’s
neutral γ(1)’s

neutral β(2)’s
neutral γ(2)’s

S1 ↔

1n(1)

Z(1)

n(2)

Z(2)

(superpotentials omitted from the figure)
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Reducing S-duality (n(2) > 0)

Or as integral identity,

and its corollaries.
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4. Summary and Outlook
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Summary

I 5d theories have S-duality

I 5d
Higgsing−−−−→ 3d intersecting gauge theories

I S-duality
Higgsing−−−−→ known 3d mirror symmetry

I S-duality
Higgsing−−−−→ general 3d mirror symmetry on

intersecting spaces (1d chiral
mirror−−−→ 1d Fermi)
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Outlook

I Generalize other known dualities (Seiberg, 3d-3d) to

intersecting spaces

I Explore algebraic origin of 3d mirror symmetry

I 3d gauge theories ↔ q-Virasoro algebra (VEV of

integrated product of screening charges)

[Nedelin, Nieri, Zabzine][Nieri, YP, Zabzine] ...

I 5d gauge theories ↔ DIM algebra, q-Virasoro algebra

[Awata, Pestun][Awata, et.al.][Bourgine] ...

I S-duality ↔ DIM SL(2,Z) automorphism

[Bourgine] ...

I mirror symmetry ↔ DIM algebra automorphism ?
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Thank you!
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