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Status of Neutrino Oscillations

m1 < m2 < m3 (NO) or m3 < m1 < m2 (IO) 

Neutrino mass ordering: normal ordering favored at the 2~3σ C.L. 
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Sensitivity to Mass Ordering

Global-fit analysis

C. Giunti, NNN 2018

MSW Resonance

𝟐𝑽𝒆𝑬 = 𝜟𝒎𝟑𝟏
𝟐 𝐜𝐨𝐬𝟐𝜽𝟏𝟑

NO: 𝜟𝒎𝟑𝟏
𝟐 > 𝟎

IO: 𝜟𝒎𝟑𝟏
𝟐 < 𝟎

𝝂𝝁 ⇌ 𝝂𝒆

Resonant 
enhancement
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Sensitivity to Mass Ordering 05

Acc., LBL +Reactor

Sensitivity
to 𝜽𝟏𝟑 is

dominated 
by DYB

Large 𝜽𝟏𝟑

Small 𝜽𝟏𝟑

Large 𝜽𝟏𝟑 is
preferred by 
T2K/NOvA

Small 𝜽𝟏𝟑 is
preferred by 
DYB/RENO



𝑷 𝝂𝝁 → 𝝂𝒆 ≃ 𝐬𝐢𝐧𝟐𝟐𝜽𝟏𝟑𝐬𝐢𝐧
𝟐𝜽𝟐𝟑

𝐬𝐢𝐧𝟐 𝟏 −  𝑨 𝚫

𝟏 −  𝑨
𝟐

Matter Effects on Neutrino Oscillations 06

ℋm =
1

2𝐸
𝑈

𝑚1
2 0 0

0 𝑚2
2 0

0 0 𝑚3
2

𝑈† +
𝑎 0 0
0 0 0
0 0 0

𝑉†ℋm𝑉 =
1

2𝐸

 𝑚1
2 0 0

0  𝑚2
2 0

0 0  𝑚3
2

𝑎 = 2 2𝐺F𝑁𝑒𝐸

WSM

+
𝚫𝒎𝟐𝟏

𝟐

𝚫𝒎𝟑𝟏
𝟐
𝐬𝐢𝐧𝟐𝜽𝟏𝟑𝐬𝐢𝐧𝟐𝜽𝟏𝟐𝐬𝐢𝐧𝟐𝜽𝟐𝟑𝐜𝐨𝐬(𝚫 + 𝜹)

𝐬𝐢𝐧( 𝑨𝚫)

 𝑨

𝐬𝐢𝐧[(𝟏 −  𝑨)𝚫]

𝟏 −  𝑨

𝚫 ≡
𝚫𝒎𝟑𝟏

𝟐 𝑳

𝟒𝑬

 𝑨 ≡
𝒂

𝚫𝒎𝟑𝟏
𝟐

Large 𝜽𝟏𝟑
from 

T2K/NOvA

𝐢
𝐝

𝐝𝒕

𝝂𝒆
𝝂𝝁
𝝂𝝉

= 𝓗𝐦

𝝂𝒆
𝝂𝝁
𝝂𝝉

When other parameters are fixed, the NO will 
be favored to realize a smaller value of 𝜽𝟏𝟑

Sensitivity to Mass Ordering



Vacuum oscillation

MSW

𝑷𝒆𝒆 ≈ 1 −
𝟏

𝟐
𝐬𝐢𝐧𝟐𝟐𝜽𝟏𝟐

𝑷𝒆𝒆 ≈ 𝐬𝐢𝐧𝟐𝜽𝟏𝟐

For high-energy 8B neutrinos

𝑷𝒆𝒆
𝟖𝐁 =0.31

𝑷𝒆𝒆
𝟕𝐁𝐞 =0.56  |𝝂𝒆(𝑹)

 |𝝂𝝁(𝑹)
=

𝒄𝜽 𝒔𝜽
−𝒔𝜽 𝒄𝜽

 | 𝝂𝟏(𝑹)
 | 𝝂𝟐(𝑹)

 | 𝝂𝟏(𝑹)
 | 𝝂𝟐(𝑹)
=

𝟏 𝟎
𝟎 𝟏

 | 𝝂𝟏(𝟎)
 | 𝝂𝟐(𝟎)

 | 𝝂𝟏(𝟎)
 | 𝝂𝟐(𝟎)
=

𝒄 𝜽 −𝒔 𝜽
𝒔 𝜽 𝒄 𝜽

 |𝝂𝒆(𝟎)

 |𝝂𝝁(𝟎)

at production r = 0

adiabatic evolution

on the solar surface r = R

survival probability

𝑷𝒆𝒆 = 𝒄 𝜽
𝟐𝒄𝜽

𝟐 + 𝒔 𝜽
𝟐𝒔𝜽

𝟐 ⟶ 𝐬𝐢𝐧𝟐𝜽

 𝜽 ⟶  𝝅 𝟐 𝐚𝐬 𝑨 ≫ 𝚫𝒎𝟐

For low-energy 7Be neutrinos

𝑷𝒆𝒆 ≈ 1 −
𝟏

𝟐
𝐬𝐢𝐧𝟐𝟐𝜽

Oscillations in vacuum

𝜽 ∈ [𝟎,
𝝅

𝟐
]

𝚫𝒎𝟐𝟏
𝟐 > 𝟎

𝜽 ∈ [𝟎,
𝝅

𝟒
]

𝚫𝒎𝟐𝟏
𝟐

For the MSW resonance to happen

𝜽𝟏𝟐 = 𝟑𝟒°

Normal neutrino 
mass ordering

Matter Effects on Neutrino Oscillations 07
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𝓗𝐦 =
𝟏

𝟐𝑬
𝑼

𝒎𝟏
𝟐 𝟎

𝟎 𝒎𝟐
𝟐

𝑼† +
𝑽𝒆 𝟎
𝟎 𝟎

=
𝟏

𝟐𝑬
𝑼

𝒎𝟏
𝟐 𝟎

𝟎 𝒎𝟐
𝟐

𝑼† +
𝒂 𝟎
𝟎 𝟎

An example for two-flavor neutrino mixing

𝓗𝐦 =
𝟏

𝟒𝑬
𝑼

−𝚫𝒎𝟐𝟏
𝟐 𝟎

𝟎 +𝚫𝒎𝟐𝟏
𝟐

𝑼† +
𝒂 𝟎
𝟎 −𝒂

+
𝒎𝟏

𝟐 +𝒎𝟐
𝟐 + 𝒂

𝟒𝑬

The effective Hamiltonian in a more compact form:

𝓗𝐦 =
𝟏

𝟒𝑬

𝒂 − 𝚫𝒎𝟐𝟏
𝟐 𝒄𝟐𝜽 𝚫𝒎𝟐𝟏

𝟐 𝒔𝟐𝜽
𝚫𝒎𝟐𝟏

𝟐 𝒔𝟐𝜽 𝚫𝒎𝟐𝟏
𝟐 𝒄𝟐𝜽 − 𝒂

Converted into the mass basis

𝓗𝐦 =
𝟏

𝟒𝑬
𝑽

−𝚫 𝒎𝟐𝟏
𝟐 𝟎

𝟎 +𝚫  𝒎𝟐𝟏
𝟐

𝑽†

Mixing matrix & mass states in matter

 |𝝂𝒆
 |𝝂𝝁

=
𝒄 𝜽 𝒔 𝜽
−𝒔 𝜽 𝒄 𝜽

 | 𝝂𝟏
 | 𝝂𝟐
≡  𝑼

 | 𝝂𝟏
 | 𝝂𝟐

𝚫 𝒎𝟐𝟏
𝟐 = 𝚫𝒎𝟐𝟏

𝟐 𝒄𝟐𝜽 − 𝒂
𝟐
+ 𝚫𝒎𝟐𝟏

𝟐 𝒔𝟐𝜽
𝟐 𝒔𝟐 𝜽

𝟐 =
𝚫𝒎𝟐𝟏

𝟐 𝒔𝟐𝜽
𝟐

𝚫𝒎𝟐𝟏
𝟐 𝒄𝟐𝜽 − 𝒂

𝟐
+ 𝚫𝒎𝟐𝟏

𝟐 𝒔𝟐𝜽
𝟐

Relationship between the mixing angle (mass difference) in vacuum and that in matter

𝚫𝒎𝟐𝟏
𝟐 ≡ 𝒎𝟐

𝟐 −𝒎𝟏
𝟐

𝚫 𝒎𝟐𝟏
𝟐 ≡  𝒎𝟐

𝟐 −  𝒎𝟏
𝟐



Matter Effects on Neutrino Oscillations 09
A: Establish the relationship between intrinsic and effective parameters

ℋm =
1

2𝐸
𝑈

𝑚1
2 0 0

0 𝑚2
2 0

0 0 𝑚3
2

𝑈† +
𝑎 0 0
0 0 0
0 0 0

≡
Ωm

2𝐸
Ωv = 𝑈

𝑚1
2 0 0

0 𝑚2
2 0

0 0 𝑚3
2

𝑈†

Ωm = 𝑉

 𝑚1
2 0 0

0  𝑚2
2 0

0 0  𝑚3
2

𝑉†𝑫𝒍 =

𝒎𝒆
𝟐 𝟎 𝟎

𝟎 𝒎𝝁
𝟐 𝟎

𝟎 𝟎 𝒎𝝉
𝟐

Calculate the commutators:

𝑫𝒍, 𝜴𝐦 ≡ 𝒊 𝑿𝒍

𝑫𝒍, 𝛀𝐯 ≡ 𝒊𝑿𝒍

𝑿𝒍 = 𝒊

𝟎 𝚫𝒆𝝁𝒁𝝁𝒆 𝚫𝝉𝒆𝒁𝒆𝝉
𝚫𝝁𝒆𝒁𝒆𝝁 𝟎 𝚫𝝁𝝉𝒁𝝉𝝁
𝚫𝒆𝝉𝒁𝝉𝒆 𝚫𝝉𝝁𝒁𝝁𝝉 𝟎

 𝑿𝒍 = 𝒊

𝟎 𝚫𝒆𝝁
 𝒁𝝁𝒆 𝚫𝝉𝒆

 𝒁𝒆𝝉

𝚫𝝁𝒆
 𝒁𝒆𝝁 𝟎 𝚫𝝁𝝉

 𝒁𝝉𝝁

𝚫𝒆𝝉
 𝒁𝝉𝒆 𝚫𝝉𝝁

 𝒁𝝁𝝉 𝟎

Δ𝛼𝛽 ≡ 𝑚𝛼
2 −𝑚𝛽

2

𝑍𝛼𝛽 ≡ 

𝑖

𝑚𝑖
2 𝑈𝛼𝑖𝑈𝛽𝑖

∗ 𝑍𝛼𝛽 ≡ 

𝑖

 𝑚𝑖
2 𝑉𝛼𝑖𝑉𝛽𝑖

∗

𝐃𝐞𝐭 𝑿𝒍 = 𝟐𝒊Δ𝝁𝒆Δ𝝉𝒆Δ𝝉𝝁Im 𝑍𝝁𝒆𝑍𝝉𝒆𝑍𝝁𝝉 = 𝟐𝒊Δ𝝁𝒆Δ𝝉𝒆Δ𝝉𝝁Δ𝟐𝟏Δ𝟑𝟏Δ𝟑𝟐𝓘

𝐃𝐞𝐭  𝑿𝒍 = 𝟐𝒊Δ𝝁𝒆Δ𝝉𝒆Δ𝝉𝝁Im  𝑍𝝁𝒆  𝑍𝝉𝒆  𝑍𝝁𝝉 = 𝟐𝒊Δ𝝁𝒆Δ𝝉𝒆Δ𝝉𝝁 Δ𝟐𝟏 Δ𝟑𝟏 Δ𝟑𝟐 𝓘

Δ𝑖𝑗 ≡ 𝑚𝑖
2 −𝑚𝑗

2

 𝓘

𝓘
=
Δ𝟐𝟏Δ𝟑𝟏Δ𝟑𝟐
 Δ𝟐𝟏 Δ𝟑𝟏 Δ𝟑𝟐

Harrison & Scott, 
PLB, 00; 
Xing, PLB, 00
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B: Series expansion of the effective parameters

 𝒎𝟏
𝟐 = 𝒎𝟏

𝟐 + ∆𝟑𝟏  𝑨 + 𝜶𝒔𝟏𝟐
𝟐 + 𝒔𝟏𝟑

𝟐
 𝑨

 𝑨 − 𝟏
+ 𝜶𝟐

𝐬𝐢𝐧𝟐𝟐𝜽𝟏𝟐

𝟒 𝑨

 𝒎𝟐
𝟐 = 𝒎𝟏

𝟐 + ∆𝟑𝟏 𝜶𝒄𝟏𝟐
𝟐 − 𝜶𝟐

𝐬𝐢𝐧𝟐𝟐𝜽𝟏𝟐

𝟒 𝑨

 𝒎𝟑
𝟐 = 𝒎𝟏

𝟐 + ∆𝟑𝟏 𝟏 − 𝒔𝟏𝟑
𝟐

 𝑨

 𝑨 − 𝟏

up to the second 
order of 𝛂 and 𝒔𝟏𝟑

𝟐

Freund, PRD, 01; 
Akhmedov et al., 
JHEP, 04

Divergent in the limits of  𝑨 → 𝟎 and  𝑨 → 𝟏

Eigenvalues:

𝛂 ≡
∆𝟐𝟏
∆𝟑𝟏

≈ 𝟎. 𝟎𝟑

𝒔𝟏𝟑
𝟐 ≈ 𝟎. 𝟎𝟐

Oscillation Probabilities:

 𝑷𝒆𝒆 = 𝟏 − 𝜶𝟐𝐬𝐢𝐧𝟐𝟐𝜽𝟏𝟐
𝐬𝐢𝐧𝟐 𝑨𝚫

 𝑨𝟐
− 𝟒𝒔𝟏𝟑

𝟐 𝐬𝐢𝐧𝟐( 𝑨 − 𝟏)𝚫

 𝑨 − 𝟏
𝟐

 𝑷𝒆𝝁 = 𝜶𝟐𝐬𝐢𝐧𝟐𝟐𝜽𝟏𝟐𝒄𝟐𝟑
𝟐 𝐬𝐢𝐧𝟐 𝑨𝚫

 𝑨𝟐
+ 𝟒𝒔𝟏𝟑

𝟐 𝒔𝟐𝟑
𝟐 𝐬𝐢𝐧𝟐( 𝑨 − 𝟏)𝚫

 𝑨 − 𝟏
𝟐

+ 𝟐𝜶 𝒔𝟏𝟑𝐬𝐢𝐧𝟐𝜽𝟏𝟐 𝐬𝐢𝐧𝟐𝜽𝟐𝟑 𝐜𝐨𝐬 𝚫 − 𝜹
𝐬𝐢𝐧 𝑨𝚫

 𝑨

𝐬𝐢𝐧( 𝑨 − 𝟏)𝚫

( 𝑨 − 𝟏)

Finite in the limits 
 𝑨 → 𝟎 and  𝑨 → 𝟏

Valid only when 
𝚫𝟐𝟏-driven osci. 
are small 𝛂𝚫 ≪ 𝟏

𝚫 ≡
𝚫𝟑𝟏𝑳

𝟒𝑬
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ℋm =
1

2𝐸
𝑈

𝑚1
2 0 0

0 𝑚2
2 0

0 0 𝑚3
2

𝑈† +
𝑎 0 0
0 0 0
0 0 0

ℋm =
1

2𝐸
𝑉

 𝑚1
2 0 0

0  𝑚2
2 0

0 0  𝑚3
2

𝑉†

Take the derivative of the effective Hamiltonian with respect to a

𝑫 ≡

 𝒎𝟏
𝟐 𝟎 𝟎

𝟎  𝒎𝟐
𝟐 𝟎

𝟎 𝟎  𝒎𝟑
𝟐

A complete set of differential equations (“RGEs”)  𝚫𝒊𝒋 ≡  𝒎𝒊
𝟐 −  𝒎𝒋

𝟐

Electron 
flavor is 
SPECIAL

S.H. Chiu & T.K. Kuo, PRD 2018; Z.Z. Xing, S. Zhou & Y.L. Zhou, JHEP 2018
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Diff.
Invariant

Jarlskog rephrasing invariant

Differential Invariant



Numerical Solutions to Mixing Matrix Elements 13

Evolution of the mixing matrix elements in the NO case (input global-fit data)



Numerical Solutions to Mixing Parameters 14

𝑽 =

 𝒄𝟏𝟑 𝒄𝟏𝟐  𝒄𝟏𝟑 𝒔𝟏𝟐  𝒔𝟏𝟑𝒆
−𝒊 𝜹

− 𝒔𝟏𝟐 𝒄𝟐𝟑 −  𝒄𝟏𝟐 𝒔𝟐𝟑 𝒔𝟏𝟑𝒆
𝒊 𝜹 + 𝒄𝟏𝟐 𝒄𝟐𝟑 −  𝒔𝟏𝟐 𝒔𝟐𝟑 𝒔𝟏𝟑𝒆

𝒊 𝜹  𝒄𝟏𝟑 𝒔𝟐𝟑

+ 𝒔𝟏𝟐 𝒔𝟐𝟑 −  𝒄𝟏𝟐 𝒄𝟐𝟑 𝒔𝟏𝟑𝒆
𝒊 𝜹 − 𝒄𝟏𝟐 𝒔𝟐𝟑 −  𝒔𝟏𝟐 𝒄𝟐𝟑 𝒔𝟏𝟑𝒆

𝒊 𝜹  𝒄𝟏𝟑 𝒄𝟐𝟑
Standard
Parametrization

Z.Z. Xing, S. Zhou & Y.L. Zhou, JHEP, 18

Evolution of { 𝜽𝟏𝟑, 𝜽𝟏𝟐} and { 𝚫𝟐𝟏,  𝚫𝟑𝟏,  𝚫𝟑𝟐} 
is independent of  𝜽𝟐𝟑 and  𝜹

{ 𝜽𝟏𝟑, 𝜽𝟏𝟐} 

{ 𝚫𝟐𝟏,  𝚫𝟑𝟏,  𝚫𝟑𝟐} 

{ 𝜽𝟐𝟑,  𝜹}

Are analytical solutions possible ???
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Series expansion of mass eigenvalues

Freund, PRD, 01; 
Akhmedov et al., 
JHEP, 04

As a starting point

X. Wang, S. Zhou, to appear

𝚫𝐜 ≡ 𝚫𝟑𝟏𝐜𝐨𝐬
𝟐𝜽𝟏𝟐 + 𝚫𝟑𝟐𝐬𝐢𝐧

𝟐𝜽𝟏𝟐

Introduce a new mass-squared difference

Minakata, Parke, JHEP, 16; 
Y.F. Li, J. Zhang, S. Zhou, J.Y. Zhu, JHEP, 16

𝜶𝐜 = 𝚫𝟐𝟏/𝚫𝐜

Note:  𝜽𝟏𝟑 is given by the formula in the limit of two-flavor neutrino mixing  
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Analytical result

Analytical

Numerical

antineutrino

neutrino

Resonance @𝑨𝐜 = 𝐜𝐨𝐬𝟐𝜽𝟏𝟑

𝑨𝐜 =
𝒂

𝚫𝐜

= 6 × 10−4
𝑁𝑒

𝑁A cm
−3

𝐸

10 MeV

Order of magnitude

The Earth, Ac~1 for E = 10 GeV

Analytical solution to  𝜽𝟏𝟐
 Series expansion invalid for 

small values of Ac

 Introduce two functions of 
Ac to be solved from RGEs

NO
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Analytical

Numerical
antineutrino

neutrino

Analytical

Numerical
antineutrino

neutrino

Resonance @𝑨𝐜 = 𝜶𝐜𝐜𝐨𝐬𝟐𝜽𝟏𝟐 Resonance @𝑨𝐜 = 𝜶𝐜𝐜𝐨𝐬𝟐𝜽𝟏𝟐

NO NO

(B) (A)

Define

(A)

(B)

𝐜𝐨𝐬𝟐𝜽𝟏𝟑

𝐜𝐨𝐬𝟐 𝜽𝟏𝟑

 𝜽𝟏𝟐 given by the formula in the 
limit of two-flavor mixing  

  𝜽𝟏𝟐 can be understood by two-flavor neutrino mixing in matter, which will receive 
corrections near the resonance at 𝑨𝐜 = 𝐜𝐨𝐬𝟐𝜽𝟏𝟑 and for large values of Ac

Analytical Solution: 
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Analytical

Numerical

antineutrino

neutrino
antineutrino

neutrino
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One-loop RGEs for the quark and lepton Yukawa coupling matrices 

Gauge 
couplings

Standard 
Model 
with 
three 

massive 
Dirac 

neutrinos

𝒀𝐮 = 𝐝𝐢𝐚𝐠 𝒚𝒖, 𝒚𝒄, 𝒚𝒕 ≡ 𝑫𝐮

𝒀𝒍 = 𝐝𝐢𝐚𝐠 𝒚𝒆, 𝒚𝝁, 𝒚𝝉 ≡ 𝑫𝒍

Choose the flavor basis where 
𝒀𝒖 and 𝒀𝒍 are diagonal:

In consideration of the strong hierarchy of fermion Yukawa couplings, the down-type 
quark and neutrino Yukawa terms on the right-hand side are safely omitted 
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Superhigh
scale 𝚲

𝑻𝐝 = 𝐝𝐢𝐚𝐠 𝝃𝒖, 𝝃𝒄, 𝝃𝒕 = 𝑻𝐮
−𝟏

𝑻𝝂 = 𝐝𝐢𝐚𝐠 𝜻𝒆, 𝜻𝝁, 𝜻𝝉 ≡ 𝑻𝒍
−𝟏

Yukawa couplings at the 
electroweak scale 𝚲𝐄𝐖

Relationship 
between mixing 
parameters at 

different scales
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For quark flavor mixing in media?

RG running of flavor 
mixing parameters

𝑿𝒍 = 𝒊

𝟎 𝚫𝒆𝝁𝒁𝝁𝒆 𝚫𝝉𝒆𝒁𝒆𝝉
𝚫𝝁𝒆𝒁𝒆𝝁 𝟎 𝚫𝝁𝝉𝒁𝝉𝝁
𝚫𝒆𝝉𝒁𝝉𝒆 𝚫𝝉𝝁𝒁𝝁𝝉 𝟎

 𝑿𝒍 = 𝒊

𝟎 𝚫𝒆𝝁
 𝒁𝝁𝒆 𝚫𝝉𝒆

 𝒁𝒆𝝉

𝚫𝝁𝒆
 𝒁𝒆𝝁 𝟎 𝚫𝝁𝝉

 𝒁𝝉𝝁

𝚫𝒆𝝉
 𝒁𝝉𝒆 𝚫𝝉𝝁

 𝒁𝝁𝝉 𝟎

Matter effects on flavor 
mixing parameters

 A complete set of differential equations have been derived and applied
to understand matter effects on effective neutrino mixing parameters

 Inspired by the matter effects on neutrino oscillations, we attempt to
study RG running of quark and lepton flavor mixing in an integral way
and find the integral invariants: direct relations between parameters at
low- and high-energy scales


